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OBSERVtNG PUY~~EICES FOR ~~UCATI0NAL QUALITY:

TEE WEAK CO~~ L~~~~ITARITY APPROIiCB

1. Introduction

Paul S~~~a.lson’s scepticis, about the prospects for obtaining

informat ion about the d~~~”~ for public goods has helped to stlaal ats a

considerable ount of research aimed at ov.rc~~.ing the dif f iculties ha

idsnt~Lf ia4 (5~~ a.lson, 1954, 1969) . Indeed, this sp~~ial isais of the

Journal i illustrativ, of this development. In this paper, vs aploit

the interdependence of the d ands for a local public good , educatio nal

quality, and a private good , housing , in orde r to calculate a r elative level of

educational quality consistent with Saauelsonian efficiency conditio ns .

Using this interdepend ency , which M~lsr (1974) has referred to as “weak

coaplenenta r ity, ” we thus are able to derive normat iv, conclusions concerning

the efficient level of educational quality for a co~~znity. V. also con-

sider th. efficient provision of other local public goods.

In an important paper exploring laplications of the Tiebout

hypothesis, Oates (1969) estimated a hedonic price relationship between

housing prices and a variety of private and public characteristics for 53

residential comeun ities in New Jersey , all of which are in metropolitan

New York . In an informal discussion, he suggested th. possibility of using

this relationship to deter mine whether public serv ices were being provided

at efficient levels by local. gov.r~~ ents (1969, pp. 966-967). We use the

* We are grateful to Wallace Oacea for his generosity in making available
the data used in this paper. i,
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Oates data here to explore this issue more formally, and to illustrate the

efficacy of the weak camplensutarity approach.

The use of the weak cosplemsotar ity method r equires , in this anal ysis .

an interdependence in the demands for hous ing and local public goods , the

existence of a price for housing at which the marg inal rate of substitution

of income for each local public good is zero , and th. constancy of the

marginal utility of inc~~~ with respec t to housing prices and the provision

of local public goods. While the weak cospl..entarity approach normally

assumes that consumers regard levels of public goods as par ameters , it can

also be used with the assumption that these levels may be choice variables.

This generalization requires only that we assume that individuals select

the optimal level of a private characteristic, which is in this case

housing. By allowing the possibility that local public good. are either

choice variable, or parameters, we avoid the problem of specifying the

nature of market equilibrium. A general theoretical treatment of the weak

complemencarity approach is provided in Bradford and Hildebrandt (1977).

In Part 2 of this paper we develop the weak cosplementarity approach

in a spatial context and show that the marginal valuation of a consumer

for public goods such as school quality can be computed by tak ing the der ivattve

of the integral of the demand function for housing over prices ranging from the

existing price to the price at which public goods are valueless at the margin. -

We present the empirical analysis in Part 3. In that section, we deal with

several important statistical issues, including whether the demand relation-

ship for housing can be identified (see Epple , Zelenitz , and Viascher, 1978),

the possible heteroscadasticity of the demand function, and the separability

of the hedonic price function for housing so that price per room can be

II ,.,
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computed. After claiming the successful resolution of these questions , we

present normative implications f o r  the levels of public goods provision.

Brief concluding remarks are presented in Par t 4.

2. Weak Complemenearity in a Spatial Context

We assume that characteristics (1, X, Q) are embodied in each

consumer ’s residence, where R is the number of rooms in the dwel ling ,

I is a vector of other private characteristics such as the age of the

dwelling and its distance from a central bueiness district , and Q contains

public characteristics including educational quality and the provision of

other local. public goods. The value of each residence will depend on these

embodied characteristics as given by a hedonic price function H(R, I, Q).2

Each consumer maximizes the value of a preferenc e indicator subject

to a budget constraint, and may be viewed as being in either a long run

or a short run optimization position. In the long run, the consumer selects

all components of the vector (R, X, Q) and the consumption level of all

other goods, denoted here by w, a numeraire with a price of unity. If,

however, the consumer is in a short run optimization position, then certain

of the characteristics will be parameters-rather than choice variables.

In either optimization position, the consumer faces the following budget

constraint:

(1) H (R , X, Q)
+ TB (R, I. Q) + W -

where d is a discount factor which converts the value of a dwelling to a

~~~~ ~~~
______

-
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periodic cost, T is the effective property tax rate CT thus reflects the

property tax race and the asses ent ratio used in assessing the value of

the residence for tax purposes), and M is money income.

We assume that the hedonic price function is separable and of the

form:

-~~ (2) E(R, X, Q) — RJ (I , Q),
— 

_ _ 
a

where .1 is the value per room of a residence. This separability ass~~~tioo

canno t be justified a priori; the validity of this assi~~~tioe is, however,

- 
-

I 
supported if the hedonic pric e function is a ailtiple of the ~~~~er of rooms

as in (2) . We show below that this is the case in the probl at henS.

The gross price per room for a time period is thus gives by:

(3’ ~‘x ~~‘ — ‘/ - - d + TJ(X, 9).

The gross price per room as given in (3) thu s Incorpo rates the discount

factor and periodic tax payments Given (3), the budget constraint (1)

can be rewritten as:

(4) RP (X, 9) + w  —

We now define an indirect utility function V which is conditional

upon the public characteristics Q; the private characteristics B, I, and

the numeraire W are assumed to have been selected optimally by the consumer.

Our assumption that the marginal utility of inca.. is constant with respect

to the price per room P and the public characteristics 9 suggests that we

can write this indirect utility funct ion in the following form: ~
Ci — 6)

— 6) + f(P(X, 9). 9).

Note that (5) is applicable for any 9, whether or not these characteristics

have been selected optimally. Further, it applies to (F , 9) combinations

~~~~ 

-

~~~~~ T T ~~~-~~ —~~~~ ---- - 
~—-~~ —-~ - ~~~~~~~~~~~~ r~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 
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that might not be consistent with P(X, Q). To emphasize this point, we

will delete the arguments of P in the remainder of the analysis.

We seek to obtain the consumer’s marginal evaluation of one member

of 9, educational quality, which we designate as Q3 . For any P, the

marginal r.Lte of substitution of money income for Q1 is given by:”

VQ
‘ ~ 

- — 14 f~ (P, 9).
14 ‘ 1

which can be rewritten as: -

V P
(7) — M6fQ (~. 

Q) + J~ 
[a(vQ /vfl

) / a ~]d~~.

where ~ is an arbitrary price per room. Note that the functional form of

the utility function (5) implies ~(V /V )/~P — 3(V /V )/~Q . This IsQ~~~M P M  i

true because:

V
(8) — f (p, Q)

N

and f~ f 
~
, by Young’s Theorem.Q i ~ 1

We now assume that there exists a price for housing so high that

Q1 Is valueless at the margin. This price might, for example, exhaust

such a high fraction of money income that a consumer will, not exchange 14

for Q1. Let this price be P, so that (7) becomes:

(9) - ffi(v~/V14)/~Qj d ~~

Using Roy ’s Identity, the demand for rooms, R*, can be written:

(10) — _Vp /VM — _M6f~(P. 9) E M6g(P, 9)•5

• ~~~~~~~~~~~~~~~~~~~

- .~ ‘:-.r 
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The marginal rule of substitution of money income for Q1, evaluated at

(N, P, 9), can be written:
V
Q

(11) 
~~ 

— ~‘ J8n ~~ 9)d~.14
P

The marginal valuation of Q can thus be obtained by computing the

derivative of the integral of the demand function for number of rooms, H.

The possibility that Q1 and P might enter the demand functions of other

goods need not concern us; we require only that the assumptions above be

• met. A further difficulty, of course, is presented by our inability to

observe P. Happily, this turns out to be no problem in the computation

of the optimum level of Q1 in terms of other private characteristics.

3. Empirical Application

The indirect utility functions of individual consumers who reside

in a particular area will, be para .eter ized by the variable — Bc1,, where

B is the average value of the parameter ; and accounts for deviations of

the 1th consumer. The parameter is assumed to be multiplicative with

the function f of the indir ect utility function specified in (5). Thus,

under the specified para mater izat ion , the demand function of the 1th con-

sumer for rooms can be written:

(12) — 14 6 g (P , Q) 8c1.

Note that we are continui ng to suppress the arg umen ts for P.

Taking the log of this d~~~~nd function (12), and utiliz ing a first

order approximation in th. logs of g, we have:6

• (13) Lnft • LaB + 6 m M 1 + a0LaP + a1taQ 1+ ... + +

assuming k characteristics in Q. We assume that the distribution of is

~~
-

• ,;~~ ,
_ 

•~~• -~~-- -~

~~~~~~~~~~~~~ ~
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log—normal, so that inc1 is normally distributed with E (Lnc 1) — 0.

The data used by Oate s (1969) were ployed in this stud y. These

data are taken primarily from 1960 observation, in Mew Jersey . ’ The data

• include observations for what might be regarded as the “median” household

in each co unity : median number of rooms (B), median family income (N),

• and the median value of owner—oc cupied dwelling.. Observed public

characteristics include school quality (S, measured as expenditure per

pupil), other local public goods (N, measured as public nan—school sp~nd~ng

per capita ), and an enviro~~ental variable (C , measured as the value of

comercial/thdustrjal property per capita).’

An ordinary least squares regression yielded the following result,

with t statistics given below in parenth.ses:

(14) tnR — —1.178 + .4701.aM — .4O4LnP + .I75tnS + .144tnN — . O27t nC
(—3.34) (10.91) (—5.84) (3.14) (5.75) (—2.36)

H2 • .851.

Note that other private characteri stics , including age of dwelling and

distance from a central business district , are determ ined in their own

demand relationsh ips ; neither these nor other private characteristics were

• 

‘ significant when included in the regression .10

•

____________ 

~~~~~~~~ ~~~~~
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While the relationship estiaat .d hes properties that are r arkable

for cross section data , there are several statistical issues that must be

addressed. These include the use of ord inary least squares , whether the

demand function can be identified, het.rosc .dascicity, and separability.

We discuss these in turn.

In our theoretical model , we set aside the problem of distinguishing

betvee~ short run and long run squilibria by allowing the public character—

istics (S , N , and C in this case) to be either choice var iables or par~~~ters .

If they are choice variables , however , them they wuld be c.rrelated with

the error term £ac~ in (13) . Rather them making the choice variable

assumption and using twn—stage least squares , we prefer to illov both

possibilities. In addition to the defense of greater generality for this

procedure, we feel that the ordinary least squares approach can be justified

for its minimum var teace property (Goldber’ger , 1963 , pp. 359—360).

Tha second , and perhaps most wnrr tsome, issue is identifiability. However,

it i~ likely that the hedonic price function H(l, I, Q) depends on variables

which do not enter the uti lity functions or budget constraints of consumers .

These might include population density, population, and population change.

Even if consumers regard these variable~ as important indicators of , say,

quality of life, the demand relationship may still be identif iable. Suppose ,

for example , tha t individuals are concerned about co unity population size.

It seems reasonable to assume that individuals viii differ in their assess—

meats of this variable; a change in population may increase the demands of

some consumers far number of rooms and decrease it for others. Thus, even

if population size (or change in population size) does enter the utility

functions of some consumers , it may cancel out of the aggregate demand

-
~~~~~~

---
~~~~~~~ 
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function or, in the case here, the d~~~v d function of the “average”

med ian consumer. Further, because a change in a variable like population

size will t end to create a long run disequilibrium condition, and is not

di rectly part of the consumer ’s choice problem in the short run, it will

contribute to the identification of (13).

The third statistical pr Oblem in our analyst. is hetexoscedasticity.

One can assume that Var (Lnr 1) • ~ and is thus invariant across individuals.

A random sample of observatio ns weuld then generate a humoscedastic error

- te rm . However, only observations of the “median” household in each com-

eunity were used in estimating (13). This creates a problem, because if

is distributed normally, then th. variance of the median is — ira2/2A~~

where A~ is the nu ber of residences in the coemunity from which the median

was drawn. The appropriate transformation to deal with this heteroscedasticity

- - would be to mult iply each term in (13) by and then to estimate the

• transformed model using ordinary least squares. However, such a model

would be difficult to interpret. It is our view tha t an estimated relation-

ship should lend itself to economic interpretation. Further, an exam ination

of the residuals in (14) did not suggest the presence of a heteroscedasticity

problem.

Finally, there is the problem discussed above of the separability

of the hedonic price function, i.e., whether H(R, X, Q) can be written as

Lr(x , Q). Our estimate of the hedonic price function yielded:

(15) taM — —1.391 + 1.0 12m B + .347tri S + .158tnI~ — .lO6LnD
(—2.78) (3.99) (3.38) (2.50) (—4.28)

+ .I l6LnA — .196tnT — .OI7tnK — .O1SLnC ,
(5.20) (—2.71) (—.77) (—.66)

a2 — .855,

• 
;~~~~

‘

~ ~~~~~~~
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where H is the median value of owner—occupied dwellings, D is distance

from mid—town Manhattan, A is the perc entage of dwellings built since 1950 .

T is the effec t ive tax rate , and K is the population density. R, 5, N ,

and C are the same variables used in (14). The coefficient for m R  is

1.052 (t — 6.70) when one deletes K and C and estimates (15). The sasump—

tion of separability thus seems to be a reasonable appro ximation .

It is our view that the use of ordinary least squares to estimate

(14) is appropria te for the economic issue vs are addressing. The scati .—

tied properties of (14) permi t the derivation of normstive conclusions

concerning the levels of public goods provision in th. Oates sample of

comunities. We utilize (14) in (11) to solve for  the marginal rates of

substitution of money incoae H for school quality (S), non—school public

goods provision (N), and environmental quality (C). W~ obtain:

(16a) — .O9OZ~( 
7 S •25N C 02 1[P~ 5~~ _ p 5~~

]

(16b) — •O74~( 
70 S.115 N S O

~~C .O 2 7[ ~~
.S

~~~_ ~~ s~s]

(16c) VC/VM • 
_ .0139M 70 S lSN~

t C 1 0 2 7[~~~~01_ p .s~
]

Because P , th. price of rooms at which the public good is valueless, is

almost certainly outside the range of observations available , its presence

in (16) poses a difficulty. It is not , however , an intractable one .

We assume tha t the median househo ld’s margina l rate of substitution

is equal to the average. Then the sum of marginal rates of substitution is

found by multiplying th. median household’s rate times the number

of residences in the c~~~~mity; the efficient provision of the good req uires

tha t this sum be equal to the marginal cost of providing the public good.

We can use this relationship for any t~~~ of the public good s to el iminate

• • I-
, - - -~ • - ,

• 
• - -

- - ~~~~~~~~~~~~~~~ • ‘.
~ 

j  
- 

-



Z$I S F4Ic E IS B~ S1 QUAL IT! P C?jcjjj ~~,1’~~M ~~r ’~ P1~5j~ p~~ r o t~~c 11

~ and solve for the level of one of the public goods in terms of the other.

Note that the marginal cost of $ is equal to the number of pupils in public

schools in the coamunity, and the marginal cost of N is equal to the

co~~inity’s population, C1
. Using (16a) and (16b), when the Sa.uelsonian

efficiency conditions are satisfied:

* 
34 *(17) N — .8226~~’S

- :  I
!~ For a specified c~~~mity in which 3 and C are knowu, vs can thus

calculate the optimal relationship between N and S. Then the optimal levels

of S and N , consistent with total c~~~anity expenditures K, can be computed.

Expenditures are given by:

(18) 3
1
S
1 

+ C
1
N
1 

—

Using (17) with (18) we get :

(19a) * 
.5486 E

1S —j B
1

* 
.4514 K

(19b) ‘~ —

To illustrate the use of these relationshipr , we consider the

co un•ity of Clen Rock, New J.rse~ • in which 94Z of the dwellings were

owner occupied in 1960. Th. following data are applicable to this

- I

-

- ~~ ~~‘-~~~- • 9~ C

~~~~~~~~
--—— -~~~~~ --~ 

-
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coamunity:

Table 1

Glen Rock, New Jersey

Median value of ovuer-occupi.d dwellings (B) $22,600

Effective property tax rate (T) .02669

‘1 Ana2al gross price per room (P) $300.00

Median number of rooms (1) 6.4

Med ian f ily income CM) $11,260

Expenditure per pupil C S) $543

Non—schoo l public spend ing per capita (N) $44

Value of coemercia l/indus tr ial property per capita (C) $799

Number of owner—occupied dwelling s (A) 3 ,331

Population (C) 12,900

Number of students enrolled in publ ic schools (3) 2,812

Expenditures (K) Lu Glen Rock in 1960 were $2,094,516. Given this

E, our estimate of the effic ient level of expenditures per pupil is $408;

the efficient level of non—school public spending per capi ta is $73 (the

actual expenditures were $343 and $44 respec t ively) . Because we do not

have an estimate of the marginal cost of changing the ~~~unt of co srcia.1.

and industrial property, vs hav, not att~~~ted to estimate the efficient

relationship between C and $ or N.
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4. Conclusion

The weak complementarity approac h appears to be an extremely

promising one for estimating the efficien t levels of pub lic goods prov ision.

Even in the case of housing d n d  and local public goods, in vb.ich vs

• are not able to estimate the price , ?, at which public goods are valueless,

us can estimate the correct fractions of a given level of total expenditures

that should be devoted to each public good. Further theoret ical and

empirical work may yield methods of estiasting F, thus greatly increasing

the power of the analysis.

-

‘ 

The problem of identification is also one which vs f eel deserves

continuing attention. We think that our demand function (13) is Ld.nci—

fiable , but sore empirical work is needed on the respective roles of

variables in the hedonic price function and the demand function. It

should be noted that the issue we have confronted is one facing all, cross

section analyses of demand.

The notion that consumers will , all other things equal , increase

their demand for housing in response to an increa se in the provision of

local public good s is a compelling one. The ability to exploit this

relationship in order to obtain reasonably pr ecise estimates of the

efficien t levels of provisio n of these goods should prove to be an

important policy tool.

/it 

—
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Footnotes

1. The symbol - is utilized to designate vector valued variables.

2. For a discussion of the properties of hedonic price functions, see

Rosen (1974).

3. Starting with a direct utility function of the general form

U(W, R, X, Q), we utilize the assumption that W, R, and I are
—

selected optimally to write the indirect utility function as

U(M — P(X , Q)R, R(P(X , Q),  H), X(P(X, Q),  H)). The assumption that

the marginal utility of income is constant with respect to P and Q

implies that this indirect utility function must be of the form
-

~ V g(M) + f (P(X , Q) ,  Q). We utilize a special case of this

separable function , in which g(M) — M~’ 
— 

~~/( 1 — 5) .

4. The symbol f (P. Q) is the partial derivative of f with respect to

the public ch:racteristic Q . Although P is a function of X and Q,

the indirect utility function (5) applies for any (P, Q) combination;

it is mathematically permissable to hold P constant while varying Q 1 .

5. Note that for the demand function (10), the income elasticity of
*dR Hdemand is constant , -

~~~~~

- •

~~~~~~~ ~~~
•

R

6. Taking the log of both sides of (12), we get 2.nRj
* 

— 69.nM1 + 2.ng +

Zn8 + S~.nc1
. Now, tng(P, Q) can be rewritten as Lng(exp 2.nP, exp LnQ).

Utilizing a first—order approximation about LnP and LnQ equal zero,

and entering the remaining terms , we get (13).

7. See Oates (1969) for a discussion of the data base.

8. The household with the median number of rooms in a comeunity may not,

of course, be the household with the median femil,y income. It is,

however , a reasonable approximation to think of “the” median household

for each coemunity.

- ~~~- 
..-
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9. One would , of course , like better measures than these. It is

unlikely , for example, that “expenditures per pupil” is a good

measure of school quality . It is not, however, obvious that other

possible measures (e.g., test scores, income levels of graduates)

would be better, particularly in light of the wide range of roles

-J that schools play in society.

10. We have not corrected the R2 for degrees of f reedom because it is

our view that the proportion of variation explained by the

regression is a more meaningful statistic. Also , the Durbin—

Watson statistic is not presented because serial correlation is

not a relevant issue in cross—sectional analysis.

11. Our estimate of the demand relationship is for homeowners only, and

thus does not apply to communities with renters . Applying the

analysis to communities with renters would require either that

information about renters be included in the estimate of the demand

function .

12. If a change in E were achieved by changing the property tax, then

the effective property tax rate and, in turn, the gross price per

room might vary . Such a price ef fec t  might influence the results

given in (15) .

13. See Oates (1969, pp. 969—970) for sources of this data.

,. ~~~~~~ ~~~~~ , , _ _ _.-*- r~-’t - —
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